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Abstract
The non-cancellation set of a group G measures the extent to which the in2nite cyclic group
cannot be cancelled as a direct factor of G × Z. If G is a 2nitely generated group with 2nite
commutator subgroup, then there is a group structure on its non-cancellation set, which coincides
with the Hilton–Mislin genus group when G is nilpotent. Using a notion closely related to Nielsen
equivalence classes of presentations of a 2nite abelian group, we give an alternative description
of the group structure on the non-cancellation set of groups of a certain kind, and we include
some computations. Analogously, we consider non-cancellation, up to homotopy, of the circle as
a direct factor of a topological space. In particular, we show how the Mislin genera of certain
H0-spaces with two non-vanishing homotopy groups can be identi2ed with the genera of certain
nilpotent groups. c© 2002 Published by Elsevier Science B.V.
MSC: 55P60; 20E34; 20F18; 13F10
1. Introduction
For a 2nitely generated nilpotent group N , the Mislin genus G(N ) is the set of all
isomorphism classes of 2nitely generated nilpotent groups M such that the groups M
and N have isomorphic p-localizations for every prime p, see [10]. In [3] Hilton and
Mislin de2ne an abelian group structure on the genus set G(N ) of a 2nitely generated
∗ Corresponding author.
E-mail addresses: dirk.scevenels@wis.kuleuven.ac.be (D. Scevenels), pwitbooi@uwc.ac.za (P. Witbooi).
1 The second-named author gratefully acknowledges 2nancial support from Katholieke Universiteit Leuven.
0022-4049/02/$ - see front matter c© 2002 Published by Elsevier Science B.V.
PII: S0022 -4049(01)00108 -6
310 D. Scevenels, P. Witbooi / Journal of Pure and Applied Algebra 170 (2002) 309–320
nilpotent group N of which the commutator subgroup [N; N ] is 2nite. In fact, this group
structure is obtained through the action of a suitable abelian group on G(N ). In this
article, we study K-groups, where K is the class of semidirect products of the form
T o Zk , where T is a 2nite abelian group and k is a positive integer. For nilpotent
groups which belong to the class K, many computations of the genus groups appear
in the literature. Indeed, the groups considered in [1,4,7,12] all belong to this class.
For a group G inK, the non-cancellation set, denoted by 	(G), is the set of isomor-
phism classes of groups H such that G×Z ∼= H×Z. Investigations into non-cancellation
phenomena on groups in the class K appear in [18,19], and reveal some similarities
with genus computations for nilpotent groups in K. One such instance is observed in
[18, Theorem 4:2] on triviality of the non-cancellation set of a group in K, which
is a direct generalization of [12, Theorem 4:1] on triviality of the genus of a nilpo-
tent group in K. Such similarities are of course not completely surprizing in view of
War2eld’s result [14, Theorem 3:6], which asserts that for 2nitely generated nilpotent
groups N and M having 2nite commutator subgroups, the condition N × Z ∼= M × Z
is equivalent to the p-localizations of N and M being isomorphic for every prime p,
in other words, G(N )= 	(N ).
On the other hand, results in [18] show that some non-cancellation phenomena in the
nilpotent case do not simply generalize to the non-nilpotent case. Consider K-groups
of the form H =TowZk for which the image Imw of the action belongs to the centre
of Aut T (T is 2nite abelian), and with k ¿ 1. If such a group H is nilpotent then by
[7] the genus G(H) is known to be trivial. Thus it follows that also the non-cancellation
set 	(H) is trivial. In [18] we have an example of such a group H (non-nilpotent) for
which 	(H) is non-trivial.
Motivated on one hand by War2eld’s relation between the genus and the non-
cancellation set of a 2nitely generated nilpotent group with 2nite commutator sub-
group, and on the other hand by the Hilton–Mislin group structure on the genus of
such a group, in [20] a group structure is imposed on the non-cancellation set 	(G)
of any 2nitely generated nilpotent group with 2nite commutator subgroup. Moreover,
if the group G happens to be nilpotent, the latter group structure coincides with the
one de2ned by Hilton and Mislin on the genus. In this paper, we give an alternate
description of the non-cancellation group of a K-group G, which enables us to make
computations. To achieve this we impose an action of a suitable abelian group on
	(G), by using a notion closely related to Nielsen equivalence classes of group pre-
sentations (cf. [15]). The preliminary work is done in Section 2, where we treat the
relevant equivalence relation in the more general context of presentations of a 2nitely
generated torsion module over a pid. Section 3 then closes with two generalizations
(Theorems 3.8 and 3.9) of results of [1] for a nilpotent group to any group in K.
Analogous to the group theoretical notion, the Mislin genus G(X ) of a CW-type
nilpotent space X of 2nite type (see [8] for instance) is the set of all homotopy types
of CW-type nilpotent spaces Y such that Y is of 2nite type and the p-localization of
X is homotopy equivalent to the p-localization of Y for every prime p. For a certain
class of 1-connected spaces, Zabrodsky [21] imposed the structure of an abelian group
D. Scevenels, P. Witbooi / Journal of Pure and Applied Algebra 170 (2002) 309–320 311
on the genus. McGibbon’s article [8] gives a survey of genus computations of spaces.
Since this survey article has appeared, there have been some further developments on
computation of genera of spaces. In particular, McGibbon [9, Theorem 4] extended
the results of Zabrodsky, essentially by relaxing the condition of 1-connectedness on
a (suitable) H0-space, in order to get a group structure on its genus. In particular,
the genus G(K(N; 1)) of the Eilenberg-Mac Lane space K(N; 1), where N is a 2nitely
generated nilpotent group with 2nite commutator subgroup, is isomorphic to the group
G(N ) as de2ned in [3]. A less straightforward relation between the genus of a nilpotent
group and the genus of a nilpotent space can be found in [2]. Here, Hilton considers
certain nilpotent spaces X for which 1(X ) is in2nite cyclic, 2(X ) is 2nite cyclic and
all the higher homotopy groups are trivial. He shows that there is a surjective map
from the genus of X to the genus of the nilpotent group 2(X )o 1(X ), where the
semidirect product is obtained through the homotopical action. Using [9, Theorem 4],
Hilton and Scevenels were able to show in [5] that this map is in fact an isomorphism
of genus groups. This work was pursued in [6], in which Cartesian powers X k of such
spaces are concerned, and once again, an isomorphism between the genus group of X k
and the genus of the nilpotent group (2(X )o 1(X ))k was obtained.
In Section 4, we introduce the class of Tm-spaces, generalizing the spaces intro-
duced by Hilton in [2]. We show (cf. Proposition 4.2 and 4:5) that any group G
in K has a Tm-realization which is unique up to homotopy type, i.e., a Tm-space
X such that G ∼= m(X ) o 1(X ). Introducing the non-cancellation set 	(X ) of a
Tm-space X as the set of all homotopy types of CW-type spaces Y such that X ×S1 
Y × S1, we show in Theorem 4.7 that there is a bijective correspondence between the
non-cancellation set of a group in K and the non-cancellation set of a Tm-realization
of this group. This leads to a result analogous to War2eld’s, that the non-cancellation
set and the genus of a nilpotent Tm-space coincide (cf. Theorem 4.8). Finally Theorem
4.8 gives another proof of the results of [5], and settles in the positive a conjecture
of [6].
2. Presentations of modules over a pid
Given that the groups we are concerned with, namely the groups in the class K,
are semidirect products of the form TowZk for a 2nite abelian group T and an action
w :Zk → Aut T , we start by studying epimorphisms of a free abelian group of 2nite
rank onto a 2nite abelian group. However, we prefer to treat this in the more general
setting of modules over a pid.
For any commutative ring R with unit, and for any positive integer k, the free
R-module of rank k will be denoted by Rk . As usual R∗ is the group of units of
R, while 〈B〉 denotes the R-submodule generated by a subset B of an R-module M .
If J is an ideal of R and  :Rk → (R=J )k is the canonical R-homomorphism, then
for any R-homomorphism f :Rk → (R=J )k we denote by fJ its unique factorization
fJ : (R=J )k → (R=J )k such that f=fJ ◦ .
312 D. Scevenels, P. Witbooi / Journal of Pure and Applied Algebra 170 (2002) 309–320
For future reference, we state a preliminary lemma, the straightforward proof of
which we omit.
Lemma 2.1. Let R be a commutative ring with unit; let J be an ideal of R and let
S =R=J . Let k be a positive integer. Suppose that f; h∈HomR(Rk; Sk); and suppose
that ∈HomR(Sk ; Sk) such that ◦h=f◦ for some R-automorphism  of Rk . Then
there exists u∈R∗ such that Det()Det(hJ )= (u+ J )Det(fJ ) in S.
Now, let R be a pid and let A be a 2nitely generated torsion R-module. For a positive
integer k, we denote by REk(A) the set of all epimorphisms from Rk onto A. Of course,
REk(A) is non-empty if and only if A can be generated as an R-module by some 2nite
subset of cardinality k. In analogy with the notion of Nielsen equivalence classes of
group presentations (cf. [15]), we de2ne an equivalence relation on REk(A) by putting
f1 ∼ f2 if and only if there is an R-automorphism  :Rk → Rk such that f2 =f1 ◦ .
The resulting set of equivalence classes will be denoted by RE∼k (A). The following
ideas are quite basic throughout.
Denition 2.2. Let R be a pid and let A be a 2nitely generated torsion R-module. Let
a=(a1; : : : ; ak) be an ordered k-tuple of elements of A. For each ai let di be an element
of R such that the ideal 〈di〉 is the annihilator of the cyclic R-module 〈ai〉. We say
that a is good if the following conditions are satis2ed:
• There exists an integer m; 16m6 k, such that A= 〈a1〉 ⊕ 〈a2〉 ⊕ · · · ⊕ 〈am〉, and
ai =0 if and only if m¡i6 k.
• di is a multiple of di+1 for every i¡ k.
Denition 2.3. Let R be a pid and let A be a 2nitely generated torsion R-module. Let
a=(a1; : : : ; ak) be a good ordered k-tuple of elements of A. For every n∈R we de2ne
f(a;n) :Rk → A to be the unique R-homomorphism such that
f(a;n)(ei)=
{
ai if i¡ k;
nak if i= k;
where e1; : : : ; ek is the standard R-basis of Rk . We shall often suppress the k-tuple a,
writing fn instead of f(a;n).
The main reason for introducing the homomorphisms fn lies in the following result
(cf. [15, Lemma 3:1]).
Lemma 2.4. Let R be a pid and let A be a 9nitely generated torsion R-module. Let
a=(a1; : : : ; ak) be a good ordered k-tuple of elements of A. Let dk ∈R such that 〈dk〉
is the annihilator of 〈ak〉.
• If n is relatively prime to dk ; then fn is an epimorphism.
• Every member of REk(A) is equivalent to some fn for an n which is relatively
prime to dk .
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The next result shows essentially how certain epimorphisms A → B between suitable
modules induce bijections between the relevant sets of (∼)-classes.
Lemma 2.5. Let R be a pid and let A be a 9nitely generated torsion R-module. Let
a=(a1; : : : ; ak) be a good ordered k-tuple of elements of A. If S =R=J where J is
the annihilator of 〈ak〉; then there exists an R-epimorphism % :A → Sk such that
post-composition with % is a bijection %∗ :RE∼k (A)→ RE∼k (Sk).
Lemma 2.6. Let R be a pid and let A be a 9nitely generated torsion R-module.
Let a=(a1; : : : ; ak) be a good ordered k-tuple of elements of A. Let dk ∈R be such
that 〈dk〉 is the annihilator of 〈ak〉. For integers n and m which are relatively prime
to dk ; we have that fn ∼ fm if and only if there exist u∈R∗ and r ∈R such that
m= un+ rdk .
Proof. Due to the Lemma 2.5 it suMces to consider the case where A=(R=J )k , with
J being the annihilator of 〈ak〉. The result now follows from Lemma 2.1.
An immediate consequence of Lemmas 2.4 and 2.6 is given by
Proposition 2.7. Let R be a pid and let A be a 9nitely generated torsion R-module.
Let a=(a1; : : : ; ak) be a good ordered k-tuple of elements of A. Let S =R=J where
J is the annihilator of 〈ak〉. The function which sends an element n∈R to fn induces
a bijection S∗=Im R∗ ∼= RE∼k (A).
In particular, we have the following
Corollary 2.8. Let R be a pid; let k be a positive integer; and for some ideal J of
R; let S =R=J . Then the function ' :REk(Sk)→ S which sends an epimorphism h to
Det(hJ ) induces a bijection @ :RE∼k (S
k)→ S∗=Im R∗.
Proof. Due to Lemmas 2.1 and 2.4, and since Det(fn)J = n, it is clear that Im' is
contained in S∗. Now Lemma 2.6 implies the result.
To conclude this section, we have the following result, which will be of capital
interest for the sequel.
Theorem 2.9. Let R be a pid and let A be a 9nitely generated torsion R-module. Let
k be any positive integer for which REk(A) is non-empty. Let S be the quotient ring
R=J; where J is the annihilator of 〈ak〉 for a good k-tuple a=(a1; : : : ; ak) of A. Then
there is a transitive action of S∗ on RE∼k (A); where the action of Nx= x + J ∈ S∗ on
[f]∈RE∼k (A) is given by
Nx · [f] = [f ◦ ];
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where  is any element of EndR(Rk) such that Det()= ux for some u∈R∗. The
isotropy subgroup of this action coincides with the image of R∗ in S∗.
Proof. In the special case where A=Tk for some quotient ring T of R, the assertion
follows by Corollary 2.8. The general case now follows by Lemma 2.5.
3. Group structure on the non-cancellation set of a K-group
Recall that the class K consists of semidirect products TowZk , where T is a 2nite
abelian group and w :Zk → Aut T denotes the action. For future reference we also
recall (cf. [19, Theorem 2:4]).
Theorem 3.1. For groups G=T ow Zk and H =T ov Zk in K the following two
statements are equivalent:
• G × Z ∼= H × Z;
• w(Zk)= −1v(Zk) for some ∈Aut T .
From the very basic result [19, Theorem 2:2] on isomorphisms between K-groups,
the following characterization of isomorphic K-groups can be deduced.
Theorem 3.2. Let T be a 9nite abelian group. Let u; v∈Hom(Zk ;Aut T ). Then Tou
Zk ∼= T ov Zk if and only if there exists an automorphism  of T such that
u ∼ w; where w∈Hom(Zk ;Aut T ) is the homomorphism which sends z ∈Zk
to v(z)−1.
For the remainder of this section, let T be any 2nite abelian group and let k be
a positive integer. Let A be an abelian subgroup of Aut T of rank at most k. Then
we can 2x a good ordered k-tuple a=(a1; : : : ; ak) of elements in A. Set d to be the
order of ak . For each integer n which is relatively prime to d, we de2ne a group
G(n) =T ofn Zk , where fn =f(a;n) is as in De2nition 2.3.
Proposition 3.3. The function n → G(n) induces a surjection from the group (Z=d)∗=
{1;−1} onto the set 	(G(1)).
Proof. By Proposition 2.7 and Theorem 3.1 the function is well-de2ned and we only
need to prove surjectivity. Let H be any group such that H ×Z ∼= G(1)×Z. Then there
is an action v :Zk → Aut T such that H is isomorphic to T ov Zk . By Theorem 3.1,
there is an automorphism  of T such that v(Zk)−1 =A. By Theorem 3.2 we obtain
an isomorphism T ow Zk ∼= T ov Zk , where w is the homomorphism sending z ∈Zk
to v(z)−1 in Aut T . Since Imw=A, it follows by Lemma 2.4 that w ∼ fn for some
integer n which is relatively prime to d. Then again by Theorem 3.2, H ∼= Tov Zk ∼=
T ow Zk ∼= T ofn Zk =G(n), concluding the proof.
D. Scevenels, P. Witbooi / Journal of Pure and Applied Algebra 170 (2002) 309–320 315
Proposition 3.4. There is a transitive action , of the group (Z=d)∗={1;−1} on the set
	(G(1)); given by Nu ·G(n) =G(un); for integers n and u that are relatively prime to d.
Proof. In view of Proposition 3.3, we only have to show that for any integer u which
is relatively prime to d, the function that sends G(n) to G(un) is well-de2ned. Suppose
that n and m are integers which are relatively prime to d such that G(m) ∼= G(n). Then
by Theorem 3.2 there is an automorphism  of T such that for the inner automorphism
- of Aut T de2ned by , we have - ◦ fm ∼ fn, or [- ◦ fm] = [fn]; using equivalence
classes in ZE∼k (A) as in Section 2. Hence, Nu · [- ◦fm] = Nu · [fn], where the action is as
in Theorem 2.9. This means that [- ◦fm ◦ ] = [fn ◦ ], where  is the endomorphism
of Zk which sends ei to itself for i¡ k, and ek to uek . Thus, [- ◦fmu] = [fnu], so that
G(mu) ∼= G(nu).
Proposition 3.5. Let n and u be any integers which are relatively prime to d. Let
.∈EndZk be such that Det(.)= u. Let w :Zk → Aut T be any homomorphism; and
let H =T ow Zk . If H ∼= G(n); then T ow◦. Zk ∼= G(un).
Proof. If H ∼= G(n), then by Theorem 3.2, there is an automorphism  of T such that
for the homomorphism v :Zk → Aut T which sends z to w(z)−1, we have v ∼ fn.
Then v=fn ◦ / for some /∈AutZk , and so v ◦ .=fn ◦ / ◦ .. Since Det(/ ◦ .)=± u
(note that /∈AutZk), it follows by Theorem 2.9 that fn◦/◦. ∼ fun. Thus v◦. ∼ fun,
which implies by Theorem 3.2 that T ov◦. Zk ∼= G(un).
From Proposition 3.5 it follows that the action , of (Z=d)∗={1;−1} on 	(G(1)) given
in Proposition 3.4, is in fact independent of the k-tuple a. Moreover, the action remains
the same if, instead of the subgroup A, we use a conjugate of A in Aut T .
Now, let us consider the case that G(1) is a nilpotent group N . Note that d is a
factor of the exponent e of the quotient QN =N=FZN , where FZN is the free centre
(see [3]) of N . Thus there is an obvious epimorphism
' : (Z=e)∗={1;−1} → (Z=d)∗={1;−1}:
The action, as described in [3], of (Z=e)∗={1;−1} on G(N ), can be seen to coincide
with the homomorphism , ◦ '.
In fact, we have
Theorem 3.6. Let G=G(1). The transitive action of (Z=d)∗={1;−1} on 	(G) furnishes
the set 	(G) with a group structure such that there is a short exact sequence
3(G)→ (Z=d)∗={1;−1} 	(G); (3.1)
where 3(G) is the isotropy subgroup of the action. The given group structure coincides
with the group structure as introduced in [20].
From Theorem 3.2, we can deduce the following description of the isotropy subgroup
of the transitive action.
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Proposition 3.7. For an integer u which is relatively prime to d; G(1) ∼= G(u) if and










The following two theorems generalize some results on genera of nilpotent groups
in [1,12], to non-cancellation groups of K-groups.
Theorem 3.8. Let T be a 9nite abelian group and suppose that G=T ow Zk is in
K such that the image Imw of the action belongs to the centre of Aut T .
• If k ¿ rank(Imw); then 	(G)= 0.
• If k = rank(Imw); then 	(G) ∼= (Z=d)∗={1;−1} where d is the least positive integer
n such that the rank of n Imw is strictly less than the rank of Imw.
Proof. The 2rst part is just a special case of [18, Theorem 4:2]. To prove the sec-
ond part, observe that any inner automorphism of Aut T 2xes every element of Imw.
Therefore 3(G) is trivial and the epimorphism (Z=d)∗={1;−1}  	(G) is in fact an
isomorphism.
Theorem 3.9. Let G=T ow Z be a group in K such that the torsion subgroup T
is cyclic of prime power order. Then for any positive integer n; the function which
sends H ∈ 	(G) to Gn × H sets up an isomorphism 	(G) ∼= 	(Gn+1).
Proof. Obviously Gn+1 ∼= Tn+1ovZn+1 for some homomorphism v :Zn+1 → Aut Tn+1,
such that Im v ∼= [Imw]n+1. This means that the two exact sequences (3.1) for G and
Gn+1 can be embedded into a diagram
3(G) → (Z=d)∗={±1}  	(G)
↓ i ||
3(Gn+1) → (Z=d)∗={±1}  	(Gn+1);
(3.2)
where i is just the inclusion. Observe that i is well-de2ned, since if Nu · G(1) ∼= G(1),
then Nu ·Gn+1(1) ∼= Nu · (G(1)×· · ·×G(1)) ∼= G(1)×· · ·×G(u) ∼= G(1)×· · ·×G(1). This means
that an epimorphism 	(G) 	(Gn+1) is induced in Diagram (3.2). Furthermore, it is
easily veri2ed that this epimorphism sends H to Gn×H . Finally from [19, Proposition
3:7(b)] we know that this epimorphism is also injective.
4. Homotopical non-cancellation of the circle
We now revert our attention to the homotopical counterpart of our group-theoretical
results. We 2rst introduce the spaces we will be working with.
Denition 4.1. For an integer m¿ 1, let Tm be the class of all CW-type spaces X
that satisfy the following conditions
• 1(X ) is a free abelian group of 2nite rank,
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• m(X ) is 2nite,
• r(X ) is trivial for all r ∈N \ {1; m},
• there is a map K(1X; 1)→ X which is an isomorphism on fundamental groups.
The class T2 includes, in particular, the circle bundles that were introduced by
Hilton in [2]. In fact, the spaces in [2] are such that the semidirect product 2(X )o
1(X ) (the action being the homotopical one) is a group of the form T o Z with a
cyclic torsion subgroup T of prime power order. In [5] it was then shown that the
genus of such a circle bundle X is in bijective correspondence with the genus of the
group 2(X )o 1(X ). These results will now be generalized. However, our approach
is diOerent from that in [2,5] since we use homotopy approximation methods as of
Whitehead [17] instead of cohomological methods.
Firstly, we note that any K-group G has a Tm-realization for any integer m¿ 1,
i.e., there exists a Tm-space X such that G ∼= m(X )o1(X ). Indeed, from a theorem
of Whitehead (see [17] or, for instance, [16, Chapter V—Theorem 2:1]) we know that
there is a space X which ful2lls all of the requirements in De2nition 4.1 except perhaps
the last one. The proof of Proposition 4.2 is very much along the same lines as that
in [16], so that we omit it, as the construction appears in the proof of Proposition 4.4
anyway.
Proposition 4.2. For any K-group G and any integer m¿ 1; there exists a Tm-
realization of G; i.e. a Tm-space X such that G ∼= m(X )o 1(X ).
In general, the realization theorem in [16] to which we refer above, does not include
uniqueness. In fact, it is easy to 2nd examples illustrating this.
Example 4.3. Fix a prime p which is bigger than 3. Then 2p(S3) has an element
 of 2nite order p (see e.g. [13]). Let X1 and X2 be the mapping cones of  and
2, respectively. Then X1 and X2 are not of the same homotopy type, but in every
dimension their homotopy groups are isomorphic. In fact, X and Y are 1-connected
and of the same Mislin genus (see [11]).
However, Tm-realizations of groups in K are unique up to homotopy type, as is
shown below.
Proposition 4.4. Let G=TowZk for some 9nite abelian group T and some homomor-
phism w :Zk → Aut T . Fix any integer m; m¿ 2 and let X and Y be Tm-realizations
of G. Then X and Y are homotopy equivalent.
Proof. We prove that, given isomorphisms h1 :1(X ) → 1(Y ) and hm :m(X ) →
m(Y ) such that hm(5 · )= h1(5) · hm(), for each 5∈ 1(X ) and each ∈ m(X ), (the
action being the homotopical one) there exists a map  :X → Y such that
1( )= h1 and m( )= hm:
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Put Z1 =K(Zk ; 1) and let Z2 be a bouquet of n copies of Sm, where n is the rank of
m(X ). Let f1 :Z1 → X and '0 :Z1 → Y be maps inducing isomorphism on fun-
damental groups. There exists a self-equivalence '1 :Z1 → Z1 such that 1('0) ◦
1('1) ◦ [1(f1)]−1 = h1. Let g1 ='0 ◦ '1. Suppose that {1; : : : ; n} is a generat-
ing subset for m(X ). Let f2 :Z2 → X be a map such that, for each i∈{1; : : : ; n},
i coincides with the homotopy class of the restriction f2|Smi of f2 to the ith sum-
mand Smi . De2ne g2 :Z2 → Y by choosing, for each i, g2|Smi to be a representative
of the element hm(i). Take Z3 =Z1 ∨ Z2, and let f3 :Z3 → X and g3 :Z3 → Y be
the sums of the relevant maps. Then m(Z3) is a free Z[1(Z1)]-module on the set
of generators {81; : : : ; 8n}, where for each i∈{1; 2; : : : ; n}, 8i is the homotopy class of
the inclusion of the ith summand Smi , see [16]-Theorem V-1:6. Now we prove that
Ker m(f3) ⊂ Ker m(g3). If ∈Ker m(f3), then =
∑s
r=1 ur5r ·ir , for some ur ∈Z,
5r ∈ 1(Z3) and ir ∈{1; : : : ; n}. Due to the identity 1(g1)= h1 ◦ 1(f1), and since
m(g3)(i)= [hm◦m(f3)](i) for each i∈{1; : : : ; n}, it follows that m(g3)()= 0. We
can attach (m+1)-cells to Z3 to obtain a space Z4 and an extension f4 :Z4 → X of f3
such that m(f4) is an isomorphism. Since Ker m(f3) ⊂ Ker m(g3), the map g3 can
be extended to a map g4 :Z4 → X . By killing the homotopy groups of Z4 in dimensions
higher than m, we obtain a space Z and maps f :Z → X and g :Z → Y extending
f4 and g4, respectively. In particular, then f is a homotopy equivalence. If p is a
homotopy inverse of f, then the required map is  = g ◦ p.
Therefore, it makes sense to denote by Tm(G) a space with the homotopy type of
a Tm-realization of the K-group G.
Proposition 4.5. Let G be any K-group and let m¿ 1 be any integer. Let X be a
Tm-realization of G; and let Y be any space such that X × S1  Y × S1. Then there
exists a group H such that H × Z ∼= G × Z and Y is the (unique up to homotopy
equivalence) Tm-realization of H.
Proof. Let Z be the product of n circles, where n is the rank of 1(X ). Since X is a
Tm-space, there is a map i1 :Z×S1 → Y ×S1 which is an isomorphism of fundamental
groups. Let p :Y × S1 → Y be the projection map. There exists a map i2 :Z → Z × S1
such that p ◦ i1 ◦ i2 is an isomorphism on fundamental groups. It is now easy to see
that Y belongs to Tm and that the result follows.
For a Tm-space X , we de2ne the non-cancellation set 	(X ) to be the set of all
homotopy types of CW-type spaces Y such that X ×S1  Y ×S1. From Proposition 4.5
we deduce that, if G is a K-group, then any space Y belonging to 	(Tm(G)) is a
Tm-space. Consider the function : sending a Tm-space X to :(X )= m(X )o1(X ).
Theorem 4.6. The functions Tm and : induce mutually inverse bijections
tm : 	(G)→ 	(TmG) :H →Tm(H)
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and
' : 	(X )→ 	(:X ) :Y → :(Y )
for any group G in K and any Tm-space X.
Proof. Note that ' is well-de2ned by Proposition 4.4. Observe further that tm is
well-de2ned. Indeed, if H ∈ 	(G), then Tm(H) × S1  Tm(H × Z)  Tm(G × Z) 
Tm(G)× S1. Moreover, ' ◦ tm = Id and tm ◦ '= Id, concluding the proof.
In analogy with the result by War2eld ([14, Theorem 3:6]) we show that
Theorem 4.7. For a nilpotent Tm-space X; 	(X ) coincides with the Mislin genus
G(X ).
Proof. Consider the following composition
	(X )
'→	(:X )=G(:X ) tm→G(Tm:X );
sending Y to Tm:(Y ). (The equality above is a consequence of War2eld’s result.) Due
to Proposition 4.4, Tm:(Y )  Y . By Theorem 4.6, we know that ' is a bijection, so
that it remains only to show that t is a bijection. Again by Theorem 4.6 we know that
any element of 	(:X )=G(:X ) is of the form :(Y ) for some Y in 	(X ). Therefore,
it is not diMcult to see that t is injective. As to the surjectivity of t, observe that if
Y ∈G(Tm:X )=G(X ), then there exists a p-equivalence X → Yp for any prime p.
This implies that there is a p-equivalence :(X ) → :(Yp) for any p (observe that
there is no diMculty in supposing that : is de2ned on all spaces having non-trivial
homotopy groups only in dimensions 1 and m). But since Y is nilpotent, it is easy to
see that :(Yp) ∼= (:Y )p. We infer that :Y ∈G(:X ), concluding the proof.
For a nilpotent Tm-space X , there is a group structure on the Mislin genus G(X )
given by McGibbon [9, Theorem 4], and, of course a group structure on G(:X ) as
of Hilton and Mislin. By comparison of the genus group structures of McGibbon with
that of Hilton–Mislin, we can deduce the following.
Theorem 4.8. For a nilpotent Tm-space X; the function : sets up an isomorphism of
genus groups ' :G(X )→ G(:X ).
An application of Theorem 4.8 settles in the positive a conjecture in [6], which
goes as follows. For 2nitely many nilpotent K-groups N1; N2; : : : ; Nn, each having
Hirsch length 1 and cyclic torsion subgroups, let X1; X2; : : : ; Xn be the corresponding
T2-realizations. Then G(N1 × N2 × · · · × Nn) ∼= G(X1 × X2 × · · · × Xn). The genera
G(N1 × N2 × · · · × Nn) are computed in [4].
Observe that even in the non-nilpotent case the set 	(X ) inherits the group structure
of the group 	(:X ) as given in Theorem 3.6 via the bijection of Theorem 4.6.
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